It is shown that there is no continuous map from the quaternionic Grassmannian H Gr k,n (k ≥ 2, n ≥ k + 2) to the quaternionic projective space HP ∞ such that the pullback of the first Pontryagin class of the tautological bundle over HP ∞ is equal to the first Pontryagin class of the tautological bundle over H Gr k,n . In fact some more precise statement is proved.
Introduction
This note is a bi-product of an attempt to understand linear algebra over the (noncommutative) field of quaternions H. (For the basic material on linear algebra over noncommutative fields we refer to [Art] ). The main results of this note are Theorem 1 and its slight refinement Theorem 2 below. But first let us discuss the motivation of them.
Roughly speaking, it is shown that there is a topological obstruction to fill in the last row in the last column of the following table (compare with the table in [Ar] ).
Consider the category of (say) right H-modules. It is not clear how to define in this category the usual notions of linear algebra like tensor products, symmetric products, and exterior powers. (However, it was discovered by D. Joyce [Jo] that one can define these notions in the category of right H-modules with some additional structure, namely with some fixed real subspace generating the whole space as H-module. See also [Qu] for further discussions).
We show that in a sense there is a topological obstruction to the existence of the maximal exterior power of finite dimensional H-modules. We will use the following notation. For a field K = R, C, H we will denote by
the Grassmannian of k-dimensional subspaces in K n , and by
The homotopy classes of maps from a topological space X to Y will be denoted by [X, Y ] . For the field K = R or C we will consider the Plücker map η :
For K = R, C, H the isomorphism classes of K-vector bundles of rank k over X correspond bijectively to the homotopy classes of maps [X, K Gr k,∞ ]. In particular, the isomorphism classes of K-line bundles over X are in bijection with the homotopy classes of maps
Recall that in the case of commutative field K the k-th exterior power provides a canonical way to produce from a k-dimensional vector space a 1-dimensional one. In particular over the field K = R or C this gives a functorial construction of a line bundle from a vector bundle of rank k. Hence we get a map ξ : [X,
just the composition of a map from X to K Gr k,∞ with the Plücker map η.
However, the spaces RP ∞ and CP ∞ are Eilenberg-Maclane spaces K(Z/2Z, 1) and
to V then ξ(f ) corresponds to its first Chern class c 1 (V ) ∈ H 2 (X, Z)). Thus the Plücker map η : R Gr k,∞ → K(Z/2Z, 1) = RP ∞ corresponds to the first Stiefel-Whitney class of the tautological bundle over R Gr k,∞ . Analogously the Plücker map η : Remark. It will be clear from the proof of Theorem 1 that there is no map η : H Gr k,n → HP ∞ for k ≥ 2, n ≥ k + 2 with the same property (here H Gr k,n denotes the quaternionic Grassmannian of k-subspaces in H n ).
In fact we will prove a slightly more precise statement. Consider the Postnikov tower for
to the first Pontryagin class of the tautological bundle over H Gr k,n can be factorized through X 6 , but cannot be factorized through X 7 .
Clearly Theorem 2 implies Theorem 1.
Proof of Theorem 2.
(1) Let us show that ω cannot be factorized through X 7 . We first reduce the statement to the case k = 2, n = 4.
can fix a subspace H k−2 ⊂ H n−4 . Consider the embedding i: H Gr 2,4 ֒→ H Gr k,n as follows: Claim 5. π 7 (HP ∞ ) = 0.
Indeed using the quaternionic Hopf bundle S 3 → S ∞ → HP ∞ one gets π 7 (HP ∞ ) = π 6 (S 3 ) = Z/12Z (see [Hu] Ch. XI.16 for the last equality). Now let us assume the opposite to our statement, namely assume that there exists a map η ′ : H Gr 2,4 → X 7 which makes the following diagram commutative: Since H 7 ( H Gr n,k , π 6 ) = 0 a similar argument shows that the constructed map g can be lifted to a map h : H Gr k,n → X 6 . This map h gives the necessary factorization. Q.E.D.
